For the Cauchy problem, gt = u%~, 0 < x < 1, 0 < t < T, ~(0, t) = f(t), 0 < t < T, u.(O, t) = g(t), 0 < t < T, a direct numerical procedure involving the elementary solution of vt = v,, , 0 < x, 0 < t < T, ~(0, t) = g(t), 0 < t < T, v(x, 0) = 0,O < x and a Taylor's series computed fromf(t) -~(0, t) is studied. Continuous dependence better than any power of logarithmic is obtained. Some numerical results are presented.
INTRODUCTION
In this paper, we present a direct numerical procedure for approximating the solution u = U(X, t) of the problem (4 Ut = u,, , Note that we have already assumed that u exists as a classical solution of (1.1). We shall add additional assumptions upon f and g later as needed.
In [lo] , Carlo Pucci studied the Cauchy problem for a linear parabolic partial differential equation. Under the additional assumption of positivity of the solutions, he demonstrated the continuous dependence of the solution upon the bounds for the solution and its first derivatives at a certain portion of the boundary. No estimate of the degree of continuity was obtained. In [6] , Ginsberg considered the Cauchy problem (l.l)-( 1.3) and obtained HGlder continuous dependence upon the data. His numerical procedure for g = 0 involved expanding f in a Fourier series, thus requiring several numerical quadratures. In [l] , one of the present authors presented explicit estimates for Hijlder continuity of (l.l)-( 1.3) and reduced the problem of numerical approximation to that of the mathematical programming techniques of Douglas [5] for solving Volterra integral equations of the first kind. In [3] , Cannon and Douglas considered the Cauchy problem for the heat equation with the data specified on a curve x = s(t). Hiilder continuous dependence was derived for solutions satisfying an a priori bound, applications to the Inverse Stefan Problem were given, and a mathematical programming method was presented for its numerical solution.
In the works cited above a great computing effort produces results which are essentially worthless in the neighborhood of any boundary on which no data are specified. Consequently, it is of interest to consider a direct method which has a reduced computing effort and which hopefully produces results reasonably far away from the data-bearing portion of the boundary. The direct numerical procedure studied in this paper is that of approximating u via the solution of the second boundary-initial value problem for the quarter plane:
and a Taylor's series in x computed from f -$0, t). Using this approach, we achieve results in the interval 0 < x < I/ d/z, or approximately 70% of the interval under consideration. In the next section, we develop preliminary estimates to be used later in this paper. Section 3 contains a development of the direct numerical method, together with an explicit estimate of the continuous dependence upon the data. The dependence lies somewhere between any power of the logarithmic estimate and any Holder estimate. Some basic computational aspects and problems are discussed in Section 4.
PRELIMINARY ESTIMATES
From the linearity of the heat equation it follows that the solution u of (l.l)-(1.3) can be written as u=v+w, (2.1) where v satisfies
and w satisfies (4 wt = wz, ,
Since the bounded solution of (2.2) is given by (2.10) There is a p0 > 0 such that the disc I z / < Q is contained in GU, . As w can be represented as a power series in that disc, estimates for the coefficients of that power series can be obtained from the Cauchy-Riemann Integral Formula. Thus, ;/g(0,t)/<M2(;)n, n=1,2,3 ,... for 0 < 6 < t < T.
NUMERICAL APPROXIMATION
Let o**(x, t) denote a numerical approximation of the quadrature and diw**(O, t)/hji denotes a standard forward difference approximation to (8w/iW) (0, t) [7, 8, 91 with mesh size hi . As our approximation to u, we set u,*"(x, t) q = v**(x, t) + wn**(x, t).
(3.4)
In the following paragraphs, we shall describe how one should choose the hi and the it in order to achieve good accuracy. These choices will arise from a discussion of the error in the approximation to u. First, set
Then, from (1.2) and (2.5), it follows that I 4% 4 < Ml< (3.6) for all 0 < x < 1 and 0 < t < T. Clearly, the quadrature approximation can be made as accurately as desired. Hence, there exists a constant Ms such that
Next, we need to estimate the tail of the power series representation for w.
Since w,(O, t) = 0 implies that every odd x-derivative of w vanishes at x = 0, it follows that for n odd Now, we need to estimate the first n terms in the power series for ZC. Recalling (3.3), it follows from (1.2) and (3.7) that < E + M+ = MS<.
For each i = 1, 2 ,..., ( n -1)/2, we see that
where d&O, t)/hii is the finite difference approximation of (&u/W) (0, t). From [9, p. 1581 and (2.11) we see that for i = 1, 2 ,..., (n -1)/2, Then, using [7, w**(o, t,)I t .s=l Combining (3.12)-(3.14) we see that for each i = 1, 2,..., (n -])/2, (3.15) Now for each i = I, 2,..., (n -1)/Z, we want to choose an optimal hi. Differentiating the right-hand side of (3.15) with respect to hi and setting the result equal to zero, we obtain as an optimal choice for h, , We can now estimate the error between u and u**. Letting w, be the first n terms of w, it follows from (3.11) and (3.17) that for all 0 < x < =$, 6 < t < T, < I w(0, t) -w**(o, t)l +-yz 1 g (0, t) -d,w**(o, t) x2i Now, using the triangle inequality along with (3.7), (3.9) and (3.19), we obtain I u(x, t) -u**(x, t)l = 1 w(x, t) + w(x, t) -w**(x, t) -w;*(x, t)l Using the simple estimate that e-" < n!/xn, (3.23)
we can see that the estimate (3.22) gives better than logarithmic continuity for the approximation of u by u**. The discussion concerning (3.21) shows that the choice for the truncation should be 
COMPUTATIONAL ASPECTS
Recalling (3.1), we note that for x > 0 the kernel is not singular. Hence, any standard quadrature scheme can be used to approximate v*(x, t). However, o*(O, t) results from a weakly singular kernel convolved with g*. For this particular kernel, Cannon, Hampton and Strauss [4] have devised a quadrature scheme based upon linear interpolation of g* between mesh points and the analytic quadrature of the kernel convolved with the resulting linear functions over the intervals between consecutive mesh points. It has been recommended to the authors that one should not use the same mesh points as those for the finite differences and that for complicated g a better interpolation will be needed [I 11.
We noted in Section 3 that the hi , i = 1, 2,..., (n -1)/2, should optimally be chosen according to (3.16 ). We also note that the hi will determine the locations and spacing of the data points for (1.2). We can reduce the number of different hi needed in our computations by considering the following table which gives hi as a function of 2M,~/h!l, . We conclude that three different choices of hi will suffice for each choice of 2M,c/M, if we consider n < 10 (20 terms in our power series). In particular for 2M,c/Mz = 0.0001, letting h, = .OOl, h, = h, = .005, and h, = h, = ... = h,, = .Ol will suffice. We shall use this choice in the computation of some of the numerical results in Section 5.
NUMERICAL RESULTS
In order to test our numerical procedure we choose to use as our example the problem of finding I' such that We note that the condition (5.4) allows sufficient generality since we can artificially introduce the error resulting from the computation of v* from (3.1) into f * via a random error generator. When no data error was introduced 5 to 6 place accuracy was achieved for 0 < x < .7. In Tables II and III we present sample results of our method of  series approximation for various randomly introduced data errors. The variable choices of h, described in Section 4 were used in all cases. All computations are made for t = 0.050 in (5.2).
We noted that a fairly good initial estimate of V for all x from 0 to 1 is obtained using n = 2, while for the larger n = 8, much better estimates are obtained within the radius of convergence of the series and worse estimates are obtained outside this radius. Using a uniform h = 0.001, we obtained better estimates for small x than with variables hi , but the approximation blew up rapidly for larger x.
